Some new identities are given for the representation of binomial sums. A master theorem is developed from which integral and closed form results, in terms of Zeta functions and harmonic numbers, are developed for sums of the type n≥1 t n n 4 an + j j bn + k k cn + .
INTRODUCTION
The following definitions and relations will be used throughout this paper. and
The aim of this paper is to give a proof of the following theorem. Subsequently a number of interesting corollaries follow which give new closed form expressions of binomial sums in terms of zeta functions and harmonic numbers.
using the definition of the Beta function produces the s− fold integral representation
The representation of sums in terms of integrals is extremely useful because it allows one to estimate bounds on the sums in cases they cannot be written in closed form.
Apéry's [1] , see also Beukers [2] , proof of the irrationality of ζ(3) uses an elementary and quite complicated construction of the approximants 
for the sequence {α n , β n } was proposed.
It is important to note that other integral representations of ζ(3) are available in terms of both single and double integrals. Guillera and Sondow In a recent paper Muzaffar [7] also obtained some results of the combinatorial type
by utilizing the power series expansion of (sin −1 x) q and (α k , β k ) are constants depending on k ≥ 0. In this paper we complement and extend some of the results given by Muzaffar. Sofo ([8] , [9] , [10] , [11] and [12] ) also obtained some integral and closed form identities for binomial sums. In the following four corollaries we encounter harmonic numbers at possible rational values of the argument, of the form
r/a where r = 1, 2, 3, . . . , k, α = 1, 2, 3, . . . and k ∈ N. The Polygamma function ψ (α) (z) is defined as:
To evaluate
r/a we have available a relation in terms of the Polygamma function ψ (α) (z) , for rational arguments z,
where ζ (z) is the Riemann zeta function. We also define at rational values of the argument can be explicitly done via a formula as given by Kölbig [6] , (see also [5] ), or Choi and Cvijović [3] in terms of the Polylogarithmic or other special functions. Some specific values are given as:
, and H
1/2 = 2 − 2 ln 2 and can be confirmed on a mathematical computer package, such as Mathematica.
COROLLARIES
The following lemma will be used in proofs of corollaries in this section.
Lemma 1. Let a and r be positive real numbers. Then
Proof.
hence (2.1) is attained.
r/a + γ , and (2.2) follows.
Proof. By expansion,
where
and (z) k denotes the Pochhammer symbol or the shifted factorial, z ∈ C, by 2, 3 , . . .} denotes the set of natural numbers. Hence, after interchanging the sums, we have
and using (2.1) in Lemma 1
After some algebraic simplification, (2.5) becomes
r/a .
which is the result (2.4). The integral in (2.3) is obtained from (1.4).
Corollary 2. From Theorem 1,
Proof. The proof will not be detailed, however it follows the same pattern as in Corollary 1 and uses (2.2) in Lemma 1.
Remark 1. Adding and subtracting (2.3) with (2.6) and (2.4) with (2.7) gives the results:
r/(2a) ,
The next corollary also follows from Theorem 1.
Proof. Consider the expression
Rearranging (2.10) we have
. and using (1.1), (1.5) and (2.1), (2.12)
Substituting (2.12) into (2.11), we have
and upon simplification we obtain (2.9) and using the fact that
The integral representation (2.8) is obtained from (1.4).
Remark 2. The following examples can be evaluated from (2.9). 
The next corollary involves the summation of reciprocals of cubed binomial coefficients. (1) r/a + rH (2) r/a X (k, r) − 
